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a b s t r a c t

We view an undirected graph G as a symmetric digraph, where each Q3edge xy is replaced
by two opposite arcs e = (x, y) and e−1

= (y, x). Assume S is an inverse closed subset
of permutations of positive integers. We say G is S-k-colourable if for any mapping σ :

E(G) → S with σ (x, y) = (σ (y, x))−1, there is a mapping f : V (G) → [k] = {1, 2, . . . , k}
such that σe(f (x)) ̸= f (y) for each arc e = (x, y). The concept of S-k-colourable is a common
generalization of several other colouring concepts. This paper is focused on finding the
sets S such that every triangle-free planar graph is S-3-colourable. Such a set S is called
TFP-good. Grötzsch’s theorem is equivalent to say that S = {id} is TFP-good. We prove that
for any inverse closed subset S of S3 which is not isomorphic to {id, (12)}, S is TFP-good if
and only if either S = {id} or there exists a ∈ [3] such that for each π ∈ S, π (a) ̸= a. It
remains an open question to determine whether or not S = {id, (12)} is TFP-good. Q4Q5

© 2018 Elsevier B.V. All rights reserved.

1. Introduction1

The concept of colouring of generalized signed graphs is introduced in [4].2

Definition 1. A graph G is viewed as a symmetric digraph, where each edge xy is replaced by two opposite arcs e = (x, y) and3

e−1
= (y, x). Let S be an inverse closed subset of permutations of positive integers, i.e., each element π of S is a permutation4

of the set {1, 2, . . .} and π−1
∈ S for every π ∈ S. An S-signature of G is a mapping σ : E(G) → S such that for every arc e,5

σe−1 = σ−1
e . The pair (G, σ ) is called an S-signed graph. A k-colouring of (G, σ ) is a mapping f : V (G) → [k] = {1, 2, . . . , k}6

such that for each arc e = (x, y) of G, σe(f (x)) ̸= f (y). We say G is S-k-colourable if (G, σ ) is k-colourable for every S-signature7

σ of G.8

When we consider S-k-colourability of a graph G, the image of integers a /∈ [k]
∧
is irrelevant. Likewise, if a ∈ [k] but9

π (a) /∈ [k], then π (a) becomes irrelevant. In this sense, we may restrict ourselves to only partial permutations of [k],10

i.e., bijections between subsets of [k]. For simplicity, in this paper, when considering S-k-colourability of graphs, we shall11

restrict to subsets S of Sk.12

Observe that if S is a subset of Sk and there is an integer a ∈ [k] such that π (a) ̸= a for every π ∈ S, then for any graph G13

and any S-signature σ of G, the mapping f (v) = a for all v ∈ V (G) is a k-colouring of (G, σ ).14
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Definition 2. A subset S of Sk is normal if for each a ∈ [k] there is a permutation π ∈ S such that π (a) = a. 1

We shall only consider normal subsets of Sk. One particular type of such sets are those S containing the identity, id. 2

The concept of S-signed graph is a generalization of the signed graph introduced by Zaslavsky in 1982 [9]. A signed graph 3

is a pair (G, σ ) consisting of a graphG and amapping σ : E(G) → {1, −1}, called a signature ofG, that assigns each edge ewith 4

a sign σe ∈ {1, −1}. There are several different definitions of k-colouring of a signed graph (G, σ ). We consider two of them, 5

one is introduced by Zaslavsky [9] andmodified byMáčajová, Raspaud and Škoviera [6], and the other is defined by Kang and 6

Steffen [5]. For a positive integer k, if k = 2q, let Mk = {±1, ±2, . . . ,±q}, and if k = 2q + 1, let Mk = {0, ±1, ±2, . . . ,±q}. 7

AnMRS-k-colouring of (G, σ ) is a mapping f : V (G) → Mk such that for any edge e = xy of G, f (x) ̸= σef (y). If such amapping 8

f exists, (G, σ ) isMRS-k-colourable. We say G is signed MRS-k-colourable if (G, σ ) is MRS-k-colourable for every signature σ of 9

G. A KS-k-colouring of (G, σ ) is a mapping f : V (G) → Zk such that for any edge e = xy of G, f (x) ̸= σef (y). If such a mapping 10

f exists, (G, σ ) is KS-k-colourable. We say G is signed KS-k-colourable if (G, σ ) is KS-k-colourable for every signature σ of G. 11

The notion of colouring of S-signed graphs is a common generalization of the above two colourings of signed graphs, as 12

well as several other colourings. The following is a brief list of them. Assume S is a subset of Sk. 13

• If S = {id}, then S-k-colouring is equivalent to conventional vertex k-colouring. 14

• If S = {id, (12)(34) . . . ((2q − 1)(2q))} and q = ⌊k/2⌋, then S-k-colouring is equivalent to signed MRS-k-colouring. 15

• If S = {id, (12)(34) . . . ((2q − 1)(2q))} and q = ⌈k/2⌉ − 1, then S-k-colouring is equivalent to signed KS-k-colouring. 16

• If S = Sk, then S-k-colouring is equivalent to DP-k-colouring (also known as correspondence k-colouring) [1]. 17

• If Γ is an Abelian subgroup of Sk, then there is a subset S of Sk which is isomorphic to Γ , and S-colouring is equivalent 18

to Γ -colouring in the sense defined by Jaeger et al. [3]. For example, if S is the subgroup of Sk generated by (12 . . . k), 19

then S-colouring is equivalent to Zk-colouring, i.e., for any mapping φ : E(G) → Zk, there is a mapping f : V (G) → Zk 20

such that for each arc e = (x, y), f (y) − f (x) ̸= φ(e). We observe that S-k-colouring not only depends on the group 21

structure of S, but also depends on the permutations in S. It might happen that S is a subgroup of Sk isomorphic to Γ , 22

but S-k-colouring is different from Γ -colouring. 23

There are two challenging conjectures about colouring of signed graphs. Máčajová, Raspaud and Škoviera [6] conjectured 24

that every planar graph is signedMRS-4-colourable, while Kang and Steffen [5] conjectured that every planar graph is signed 25

KS-4-colourable. These two conjectures are strengthening of the well-known Four Colour Theorem. As a generalization of 26

these two conjectures, the following question was asked in [4]. 27

Question 1. For which subsets S of S4, every planar graph is S-4-colourable? 28

We call a subset S of S4 good if every planar graph is S-colourable. The Four Colour Theorem says that S = {id} is good. 29

The MRS-conjecture asserts that S = {id, (12)(34)} is good, and the KS-conjecture asserts that S = {id, (12)} is good. 30

Definition 3. Two subsets S and S ′ of Sk are isomorphic if there is a permutation π ∈ Sk such that S ′
= {πσπ−1

: σ ∈ S}. 31

It is obvious that if S and S ′ are isomorphic, then S is good if and only S ′ is good. The following result was proved in [4]. 32

Theorem 1 ([4]). If S is a good subset of S4 and id ∈ S, then S is isomorphic to a subset of {id, (12), (34), (12)(34)}. 33

The aim of this article is to investigate S-colourability of triangle-free planar graphs. It was proved by Grötzsch [2] 34

that every triangle-free planar graph is 3-colourable. This is equivalent to say that every triangle-free planar graph is 35

{id}-3-colourable. A natural question arises: 36

Question 2. For which subsets S of S3, every triangle-free planar graph is S-3-colourable? 37

Definition 4. Assume S is a non-empty subset of S3.We say S is TFP-good if every triangle-free planar graph is S-3-colourable, 38

and S is TFP-bad otherwise. 39

Grötzsch’s theorem asserts that S = {id} is TFP-good. In this paper, we determine which subsets S of S3 are TFP-good, 40

except that if S is isomorphic to {id, (12)} we do not know whether S is TFP-good or not. 41

Theorem 2. Assume S is an inverse closed normal subset of S3 not isomorphic to {id, (12)}. Then S is TFP-good if and only if 42

S = {id}. 43

2. Proof of Theorem 2 44

We shall prove that certain inverse closed subsets S of S3 are TFP-bad. To define an S-signature of a graph G, for each 45

undirected edge e = xy of G, since σ(y,x) = σ−1
(x,y), it suffices to specify either σ(x,y) or σ(y,x). In other words, it suffices to choose 46

an orientation D of G and define σ on E(D). Moreover, if π2
= id and σ(x,y) = π , then σ(y,x) = π . Thus, for this case the 47

orientation of the edge is irrelevant. 48
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Fig. 1. The graph H .

In the remainder of this paper, when we define an S-signature, we usually give a partial orientation D of G (i.e., some1

edges are directed while some are not) and define σ on the edges of D. Those undirected edges e in the partial orientation2

will be assigned by permutations π with π2
= id.3

To prove a set S is TFP-bad, one needs to find an orientation D of a triangle-free planar graph G along with a mapping4

σ : E(D) → S, such that D is not σ -colourable.5

Let H be the graph depicted in Fig. 1.6

Claim 1. If S = {id, (123), (132)} or S = {id, (12), (13)}, then for any a, b ∈ [3], there is an S-signature σ of H such that there7

is no 3-colouring f of (H, σ ) with f (u) = a and f (v) = b.8

Proof. First we consider that S = {id, (123), (132)}. By symmetry, it suffices to consider the following two cases.9

Case (a) a = b = 1. Let σ be the S-signature of H depicted as in Fig. 2(a), where an undirected edge e has σe = id, and a10

directed edge e has σe = (123). That is,11

σe =

{
(123) e ∈ {(x1, u), (x4, u), (v, x1), (v, x4), (y1, x2), (x2, z1), (z2, x3), (x3, y2)}
id otherwise.12

Case (b) a = 1, b = 2. Let σ be the S-signature of H depicted as in Fig. 2(b), where an undirected edge e has σe = id, and13

a directed edge e has σe = (123). That is,14

σe =

{
(123) e ∈ {(x1, u), (x4, u), (z4, v), (y1, x2), (x2, z1), (z2, x3), (x3, y2)}
id otherwise.15
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Fig. 2. (a) S = {id, (123), (132)} and a = b = 1, (b) S = {id, (123), (132)} and a = 1, b = 2.

Assume f is a 3-colouring of (G, σ ) with f (u) = f (v) = 1 in Fig. 2(a), and f (u) = 1, f (v) = 2 in Fig. 2(b). The permutations 1

on the edges ux1, ux4, vx1, vx4 in both Fig. 2(a) and Fig. 2(b) lead to 2

f (x1) = f (x4) = 1. 3

This implies that either f (x2) = 2 and f (x3) = 3, or f (x2) = 3 and f (x3) = 2. The former case (resp. the latter case) leaves only 4

two
∧
colours, 2 and 3, to colour the 5-cycle y1y2y3y4y5y1 (resp. z1z2z3z4z5z1) with σe = id on all edges, which is impossible. 5

Therefore D is not σ -colourable. 6

Next we consider that S = {id, (12), (13)}. By symmetry, it suffices to consider the following cases. 7

Case (a) a = b = 1. Let σ be the S-signature on H be defined as in Fig. 3(a), i.e., 8

σe =

{ (13) e ∈ {ux1, ux4, y2x3, z1x2}
(12) e ∈ {vx1, vx4, z2x3, y1x2}
id otherwise.

9

Note that since π2
= id for all π ∈ S, we do not need to specify the orientations of the edges. 10

Case (b) a = 1 and b = 2. Let σ be the S-signature on H defined as in Fig. 3(b), i.e., 11

σe =

{ (13) e ∈ {ux1, ux4, y2x3, z1x2}
(12) e ∈ {vz4, z2x3, y1x2}
id otherwise.

12

Case (c) a = 2 and b = 3. Let σ be the S-signature on H defined as in Fig. 3(c), i.e., 13

σe =

{ (13) e ∈ {(vz4), (y2x3), (z1x2)}
(12) e ∈ {(uy4), (y1x2), (z2x3)}
id otherwise.

14
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Fig. 3. Cases to show that S = {id, (12), (13)} is bad, where the dotted edges have σe = (12) and dashed edges have σe = (13).
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Fig. 4. The graph H ′ .

Case (d) a = b = 2. Let σ be the S-signature on H defined as in Fig. 3(d), i.e., 1

σe =

{ (13) e ∈ {(y5x1), (z5x1), (y3x4), (z3x4), (y2x3), (z1x2)}
(12) e ∈ {(uy4), (vx1), (vx4), (y1x2), (z2x3)}
id otherwise.

2

Assume f is a 3-colouring of (H, σ ) with f (u) = a and f (v) = b. In each of the cases, the vertices x1 and x4 have only one 3

possible colour, 4{
f (x1) = f (x4) = 1 if a = b = 1, a = 1 and b = 2, or a = 2 and b = 3
f (x1) = f (x4) = 3 if a = b = 2. 5

This forces either f (x2) = 2 and f (x3) = 3, or f (x2) = 3 and f (x3) = 2. In the former case (resp. the latter case), there are 6

only two colours, 2 and 3, left for the 5-cycle y1y2y3y4y5y1 (resp. z1z2z3z4z5z1) with σe = id on all edges, which is impossible. 7

This completes the proof of Claim 1. ■ 8

Lemma 3. If S is a subset of S3 containing a subset isomorphic to {id, (123), (132)} or isomorphic to {id, (12), (13)}, then S is 9

TFP-bad. 10

Proof. Let G be the graph obtained from the disjoint union of 9 copies of H , denoted by H(a, b) for a, b ∈ [3], by identifying 11

the vertex u in all nine copies into a single vertex u∗, and identifying the vertex v in all nine copies into a single vertex v∗. 12

For S = {id, (123), (132)} or S = {id, (12), (13)}, let σ be the S-signature on G defined in such a way that the restriction 13

of σ to H(a, b) has no 3-colouring f of H(a, b) with f (u) = a and f (v) = b. Then (G, σ ) is not 3-colourable. ■ 14

Let H ′ be the graph depicted in Fig. 4. 15
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Fig. 5. The S-signature σ , where the dotted edges have σe = (12), dashed edges have σe = (13), and solid edges have σe = (23).

Claim 2. If S = {(12), (13), (23)}, then for any a, b ∈ [3], there is an S-signature σ on H ′ such that there is no 3-colouring f of1

(H ′, σ ) with f (u) = a and f (v) = b.2

Proof. By symmetry, we only need to consider the following cases.3

Case (a) a = b = 1. Let σ be the S-signature depicted in Fig. 5(a), i.e.,4

σe =

{ (12) e ∈ {ux1, ux4, y1y2, y4y5, y1w1, z1x2, z1w2, z1z2, z4z5}
(13) e ∈ {vx1, vx4, z2x1, z2z3, z5w2, y2x1, y2y3, y5w1, y5x3}
(23) otherwise.

5

Case (b) a = 1 and b = 2. Let σ be depicted in Fig. 5(b), which is the same as Fig. 5(a), except the three edges incident to6

v are re-defined as7

σe =

{
(12) e = vz3
(23) e ∈ {vx1, vx4}.

8

Assume f is a 3-colouring of (H ′, σ ) with f (u) = a and f (v) = b. In each of the two cases, we must have9

f (x1) = f (x4) = 1.10

This implies that x2 and x3 must be coloured by either f (x2) = f (x3) = 2 or f (x2) = f (x3) = 3.11

If f (x2) = f (x3) = 2, then f (y1) ∈ {1, 2}, and f (y5) ∈ {1, 3}. Assume f (y1) = 1. Then f (y2) = 1, f (y3) = f (y4) = 2, and12

f (y5) = 3. Then it is impossible to colour w1. If f (y1) = 2, then f (y3) = 3 and f (y5) = 1, which again leaves no colour for w1.13

Assume f (x2) = f (x3) = 3. This implies that f (z1) ∈ {1, 2} and f (z5) ∈ {1, 3}. Similar to the above argument, we
∧
cannot14

find a colour for w2. This completes the proof for Claim 2. ■15

Lemma 4. If S is a subset of S3 containing a subset isomorphic to {(12), (13), (23)}, then S is TFP-bad.16

Proof. The proof is the same as the proof of Lemma 3. Let G be the graph obtained from the disjoint union of 9 copies of17

H ′, denoted as H ′(a, b) for a, b ∈ [3], by identifying the vertex u in all the copies into a single vertex u∗, and identifying the18
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vertex v in all the copies into a single vertex v∗. Let σ be the S-signature on G defined in such a way that the restriction of σ 1

to H ′(a, b) has no 3-colouring f of H ′(a, b) with f (u) = a and f (v) = b. Then (G, σ ) is not 3-colourable. ■ 2

Theorem 5. If S is a normal subset of S3 not isomorphic to {id, (12)} and S ̸= {id}, then S is TFP-bad. 3

Proof. It is straightforward to verify that if S is a normal subset of S3 and S ̸= {id, (12)} and S ̸= {id}, then S contains a subset 4

which is isomorphic to either {id, (123), (132)} or {id, (12), (13)} or {(12), (13), (23)}. ■ 5

It remains an open question to determine whether S = {id, (12)} is TFP-good. Note that this question is the same 6

as whether every triangle-free planar graph is signed 3-colourable. (For odd integer k, signed MRS-k-colourable and 7

KS-k-colourable are equivalent). We conjecture that the answer is positive. 8

Conjecture 1. Every triangle-free planar graph is signed 3-colourable. 9

Theorem 2 asserts that if Conjecture 1 is true, then it is very tight in some sense. 10
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